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Abstract— Linear Frequency Modulated Continuous 
Waveform (LFMCW) is one of the most common waveforms 
used in low probability of intercept (LPI) radars. The Wigner- 
Hough transform (WHT) is a powerful technique for detection 
and parameter extraction of LFMCW waveforms that can be 
employed by Electronic Support Receivers. For a fast detection 
and a timely response to the adversary emitter, the selection of 
the pseudo Wigner-Ville distribution (PWVD) window length is 
critical. In this work we analyze the relation between PWVD 
window length, WHT span angle and span resolution. It is shown 
that faster correct detections can be achieved by decreasing the 
PWVD window length and consequently  decreasing the WHT 
plane. A rapid detection and apiori estimation of target emitter 
signal chirp rate will allow enough time for a fine tuned post-
processing which can be applied specifically to the a priori 
estimates. 
Index Terms — Pseudo Wigner Ville Distribution, PWVD, 
LPI, FMCW, Wigner-Hough Transform, ESR, Electronic 
Support Receiver. 
I.  INTRODUCTION  
Today's battlespace strictly enforces the effective use of 
emission control on all RF sensor deployed assets. Due to the 
range advantage of electronic support receivers (ESRs) high-
powered conventional radars can easily be open targets to the 
adversary. In order to decrease that risk and still perform 
operations, low probability of intercept (LPI) radars are in use 
since the 90’s. Due to their low power, wide bandwidth and 
Doppler tolerant properties, linear frequency modulated 
continuous waveforms (LFMCW) are the most widely used 
radar waveform in LPI radar systems [1,2]. 
The ESR needs to increase its processing gain against LPI 
radar in order to intercept its signal under high noise and 
interference conditions.  This can be achieved by implementing 
time-frequency (TF) signal processing. TF distributions exhibit 
the intercepted signal's energy density on time and frequency 
axes simultaneously. They also can provide details about the 
LFMCW modulation parameters that are unavailable using 
power spectral density techniques [3,4,5]. Autonomous 
parameter extraction of LFMCW modulations can enable near 
real-time coherent handling of the threat LPI radar being 
intercepted [6]. 
The Pseudo Wigner-Ville distribution (PWVD) can be 
employed as an ESR detection processing method since it 
satisfies marginal properties, gives the highest energy 
concentration in TF plane and since it shows the non-
stationarities of the LFMCW signals, as well as its optimality 
for detection [7,8]. 
The combination of PWVD and Wigner-Hough Transform 
(WHT), maps the signal energy from the Wigner spectrum to a 
parameter space in which detection and parameter extraction of 
signals can be performed simultaneously and optimally [9,10].  
In this work; we investigate the effect of PWVD window 
length on the detection speed of an ESR when the WHT is 
employed as an autonomous detection and parameter extraction 
technique. The analysis is performed using WHT method 
defined in [10]. 
In Section II we give a short introduction about LFMCW 
signals and WHT based signal detection. Section III describes 
the relation between the PWVD window length, WHT angle 
span and angle resolution and the ESR detection speed. In 
Section IV some numerical results are presented. 
II. LFMCW SIGNAL DETECTION BY WHT 
A. LFMCW Signals  
LFMCW is one of the most important and common 
waveform structures used to achieve LPI operations because of 
its ease in implementation, its versatility, and its suitability for 
fast Fourier transform (FFT) processing to obtain range 
measurements [11]. This waveform consists of positive (up-
chirp) and/or negative (down-chirp) slope LFM parts with 
frequencies given as [1]; 
otherwise
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where cf  is the RF carrier frequency, B  transmission 
modulation bandwidth and T  is the modulation period. Note 
that in LFMCW the LFM portion repeats itself continuously, 
having a duty cycle of 100 %  [1]. 
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B. Pseudo Wigner-Ville Distribution  
WVD of a single dimension, continuous time function is 
calculated as [4], 
*( , ) ( ) ( )
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The pseudo WVD is derived by windowing the discrete 
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where ( )w n  is a real valued window with length N (i.e. N is a 
positive integer power of 2). This way we can obtain a 
computable discrete-Fourier transform length. In this work the 
window is only used to impose a restriction on the boundaries 
of discrete WVD and a rectangular window is employed. 
To obtain the PWVD at a given time, first the signal portion 
truncated by ( )w n  and the mirror image of this portion are 
multiplied. Then the FFT of that multiplication is computed. If 
this process is carried out by sliding ( )w n  for every sample 
and then stacking the FFT results in a matrix, PWVD is 
obtained. Note that the frequency resolution of PWVD is equal 
to /PW sf f NΔ = (assuming an FFT record length of 
FFTL N= ), and the time resolution is 1 /PW st fΔ = , where sf  
is the sampling frequency.  
Fig. 1 shows the geometric relations of PWVD of an 
LFMCW modulation on a contour plot. Note that the WVD of 
a multicomponent signal contains cross-terms between every 
signal component pair, and these cross-terms limit the 
readability of TF diagram. A thorough analysis of PWVD can 
be found in [1]. 
C. Wigner-Hough Transform 
Hough transform (HT) is widely used to detect geometric 
shapes in images. Linear lines in the HT are represented by two 
parameters being ( , )r θ . The HT transfers pixels of an image to 
another parameter space so that each ( , )i ix y  point of an image 
can be represented by polar parameters [12]: 
cos sini ir x yθ θ= +   (4) 
In the above expression, a line can be defined by its 
normal’s angle θ  and by its distance r to the origin. For every 
point ( , )i jl w  in PWVD, the WHT creates a sinusoidal curve in 
( , )r θ  parameter space. Each ( , )r θ  coordinate represents a 
line. Points on the same line in ( , )l w  space, intersect at a point 
in ( , )r θ  space.  
All the lines passing through ( , )i jl w  points (points with 
intensities above a certain threshold) are calculated and 
transferred to ( , )r θ  space. The number of lines transferred to  
 
Fig. 1. Geometric Relations of the Modulation Parameters in PWVD. 
( , )r θ  space is kept in ( , )C r θ  counter. Details of the method 
can be found in [10]. Given that { }( , ) ( , )i j i j Thl w l w∈ ≥ , 
where Th is the PWVD Threshold, we can increase the counter 
by one 
 ( ) ( ), , 1k l k lC r C rθ θ +=   (5) 
In the end, the problem of detecting the LFMCW 
components in PWVD diagram changes to that of detecting 
high intensity points in WHT parameter space. The WHT of an 
LFMCW signal is illustrated in Figure 2. 
III. PWVD RESOLUTION CONSIDERATIONS 
The detection speed of an ESR system employing a WHT 
technique is related to the FFT bin size ( FFTL ) used in PWVD 
computation, the signal length ( SL ) and the angle resolution 
( θΔ ) of WHT.  
Assume that the length of intercepted signal ( SL ) 
processsed does not change. If ( )w n  has a length of N, then 
FFTL N= . That gives a frequency resolution of /PW sf f NΔ =  
with a computational complexity of 
2 2( log ) ( log )FFT FFTL L N NΟ = Ο  due to the FFT operations. 
Assuming that 2nN = , increasing n by 1 will result in 
' 2FFTL N=  which improves the frequency resolution such that 
' / (2 ) / 2PW PWsf f N fΔ = = Δ , but also increasing the 
computational complexity to 2(2 log 2 )N NΟ .  
 
Fig. 2. Illustration of WHT of an LFMCW Signal (After [10]).  
 
Fig. 3. Change of the LFM Slope with PWVD Window Length Change.  
On the other hand if the length of ( )w n  is decreased by 
half, such that '' / 2N N= , then this results in 
'' 1/ 2 2nFFTL N
−= =  which deteriorates the frequency resolution, 
'' 2 / 2PW PWsf f N fΔ = = Δ , but reduces the computational 
complexity to 2( / 2log / 2)N NΟ . As far as the ESR detection 
time is concerned, the decrease in computation load will also 
reduce the latency. In addition, the system will consequently 
use less resources of the hardware on which it will be 
implemented. The length of ( )w n  can be decreased by 2m , 
such that ''' 2n mN −= , and so can the computational complexity 
be decreased to 2( / 2 log / 2 )
m mN NΟ . 
When there is an increase or a decrease in the number of 
pixels in the frequency axis, the slope of LFMCW component 
( 90 θ− ) will change. Figure 3 shows this change for 
'' 2 /PW sf f NΔ =  (θ changes from 45º to 63.4º). 
The changes in FFTL , also means a change in PWfΔ , which 
affects the scale of WHT space. Basically WHT is an image 
transformation and every time-frequency bin of PWVD is 
treated as an image pixel. 
Assume that the number of samples processed for PWVD is 
sL M=  and the angle resolution is 1θΔ = . If there is not any 
prior information about the threat radar emitter, the WHT need 
to span for all possible 180 degrees of angles (to cover both up- 
and down-chirps, 180spanθ = ). As a baseline for comparison 
let the size of FFT bins be 2FFTL M= , then the WHT space 
will be a ( )( 2) /spanM θ θ× Δ  size matrix (for positive part of 
the Wigner spectrum), where 180spanθ = . If the LFMCW 
signal occupies half of the spectrum available at half of the 
observation time, this may constitute a baseline where 
45θ = (Figure 1). When the length of ( )w n  decreases by 
integer power of 2, then the slope of LFM components will 
also decrease nonlinearly. The relation between the window 
length and the span angle (complement of LFM slope) is 
shown in Figure 4 based on the changes for 45θ =  (x-axis is 
the negative integer power of 2).  
The nonlinear relation between the slope of LFM and the 
PWVD window length is obtained for 45θ = ; 
  
 
Fig. 4. Nonlinear Relation between the LFM Slope and PWVD Window 
Length 
21.5 ( ) 16 ( ) 48m mθ ≈ − × − − × − +  (6) 
where m is the positive integer number used to obtain a 
variable PWVD window length such as ''' 2n mN −= . With this 
relation WHT space will be reduced to a 
( )2(( / 2 ) 2 1) /m m spanM θ θ+ × Δ  size matrix (for positive part of 
the Wigner spectrum). The effect of PWVD window length, 
( )w n ,  on LFM slope angle projection is shown in Figure 5. 
Here the WHT span angles (complement of LFM slope) are 
projected from / 2N M×  size matrix to '''N M×  size matrices 
(where ''' 2n mFFTL N
−= =  and m = {1,2,3,4,5}) for 0 ,90θ ⎡ ⎤∈ ⎣ ⎦  
values. Note that the FFT bin size is equal to the length of 
pseudo window, ( )w n . 
Since the decrease in the length of ( )w n  nonlinearly 
compresses the slope angle of LFM components, a different 
span ( spanθ  can no longer be divided into equal resolution 
cells) should be applied depending on the length of ( )w n  
(Fig.5). The angle resolution, θΔ , should also change 
adaptively for the WHT computation. Since many different 
slope values are now migrated into the same frequency bins, 
θΔ  of WHT need to be small enough for a differentiation 
capability. Note that, concerning the time samples of the signal 
processed is fixed, the angle resolution, θΔ , for the WHT 
computation has a lower bound. The resolution value cannot be 
smaller than min tan(1/ )SLθΔ = . 
 
Fig. 5. The Projection of WHT Span Angles ( 2FFT sL L= , m = 0, 
0 ,90θ ⎡ ⎤∈ ⎣ ⎦ ) due to PWVD Window Length (m = 1,2,3,4,5) 
IV. NUMERICAL EXAMPLES 
In this section some simulation results are presented to 
verify the theoretical analysis presented in the previous section. 
Two window lengths are compared with their WHT span 
angles and span resolutions as well. The results are evaluated 
based on the detection speed and correct apriori estimation 
capability. 
A. Simulation Conditions 
• Low sampling frequency for ease of simulations 
( 8kHzsf = ) and AWGN as noise component. 
• At least two FMCW signal components in M = 1024 
sample length time window, with bandwidth 4sf , center 
frequency 4c sf f=  ( 2048 45θ = , 64 88.2θ = ), and sampling 
interval 1s st f= , 
• 1 2048N =  FFT bins for 0m = , and 2 64N =  FFT bins for 
5m =  ( 112 mN −= ),  
• N M×  PWVD image size, 
• WHT with [10º-80º] angle span of 1º angle resolution for 
m=0, and [80º-90º] angle span of variable angle resolution 
([80º-85º] 0.5θΔ = , (85º-87º] 0.25θΔ = , (87º-87.9º] 
0.1θΔ = , (87.9º-90º] 0.06θΔ = ) for m=5. The angle span 
of [10º-80º] for m=0 corresponds to the angle span of [80º-
90º] for m=5 as shown in Fig.5.  
• [ ]0.25 maxTh PWVD= ×  for WHT. 
• Simulation Platform: Intel Core 2 Duo Processor @2GHz 
with Windows Vista 32-bit operating system. 
B. Simulation Results 
The effect of pseudo window length of PWVD for ESR 
detection is investigated for 9 SNR levels (9, 6, 3, 0, -3, -6, 
-7, -8, -9 dB). At each SNR level the test signals are generated 
100 times with AWGN insertion. The duration for the PWVD 
generation and WHT transform is recorded. 
After WHT transform, the signal detection is done via 
WHT peak detection. For each SNR level 100 peak positions 
(θ ) are recorded. The records are later compared with the real 
peak positions allowing a guard cell of one span angle 
resolution, θ±Δ  ( 64 88.1θ = , 88.2 ,88.3 , 2048 44θ = , 45 , 46 ). 
The overall results are presented in Table 1. 
TABLE I.  SIMULATION RESULTS 
 
The PWVD generation time is decreased more than half 
and WHT transform time is improved more than seven times 
by employing a pseudo window length of 64 , as well as the 
FFT bin size. Overall, the detection latency is decreased more 
than 85%. The percentage correct detection rate was 100% 
down to 6−  dB and was only below 90% for 9−  dB SNR level. 
V. CONCLUSION 
Interception of LPI radar signals with ESR systems requires 
sophisticated receivers that use time-frequency signal 
processing, correlation techniques and algorithms to overcome 
the processing gain of the LPI radar. A timely response to the 
adversaries’ emitters requires a fast interception by ESRs. The 
optimality of WHT for LFMCW signal detection can be 
supported with optimal PWVD window lengths as well as 
Hough transform span angle and span resolution. It is shown 
that faster correct detections can be achieved by decreasing the 
PWVD window length and consequently by decreasing the 
WHT plane. A rapid detection and apiori estimation of target 
emitter signal chirp rate will allow enough time for a fine tuned 
post-processing which can be applied specifically to the a priori 
estimates. 
 Future work will be the hardware implementation of this 
theory with real parameterized radar waveform simulations. 
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